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HOMOMORPHISM

Definition and Examples

Definition «

A map ¢ of a group G into a group G’ is a homomorphism if the homo-

morphism property ¢(ab) = é(a)d(b) holds for all a,b € G.
Remark.

For any groups G and G’, there is always at least one homomorphism ¢ : g —
G’ namely the trivial homomorphism defined by &(g) = €’ for all g € G, where

¢’ is the identity element of G’.
Example
Let ¢ : G — G’ be a group homomorphism of G onto G’. Then G’ will

be abelian if G is abelian. To see this, let o', € G’. Since ¢ is onto, there
exists a,b € G such that ¢(a) = @’ and ¢(b) = V. Then a't/ = é(a)d(b) =

d(ab) = od(ba) = ¢(b)d(a) = Va', where the third equality is due to the fact
that G is abelian. This shows that G’ is abelian. Thus, this example illustrates
how one can get information about G’ from a given information about G via a

homomorphism ¢ : G — G'.



Example
Let GL(n,R) be the multiplicative group of all invertible n x n matrices.

Then ¢ : GL(n,R) — R* defined by ¢(A) = detA, the determinant of A, for
all A € GL(n,R) is a homomorphism, since det(AB) = det(A)det(B) and since
det(A) # 0 for any invertible n x n matrix A.
Problem

Determine whether the given map ¢ is a homomorphism.

(a) Let ¢ : Z — R under addition be given by é(n) = n.
(b) Let ¢ : R — Z under addition be given by ¢(z) = the greatest integer < .

(c) Let ¢ : R* — R* under multiplication be given by ¢é(z) = |z|.

(d) Let ¢ : R — R* where R is additive and R* is multiplicative, be given by
H(z) =25

Solution.

(a) It is a homomorphism, because ¢(m +n) =m +n = ¢(m) + é(n).

(b) It is not a homomorphism, because ¢(2.6 + 1.6) = ¢(4.2) = 4 but ¢(2.6) +
#(16)=2+1=3.

(c) It is a homomorphism, because ¢(zy) = |zy| = |z||y| = é(x)d(y) for z,y € R*

(d) It is a homomorphism, because ¢(x + y) = 27 = 272 = ¢(x)p(y) for
z,y € R*. L

Problem

Let M,(R) be the additive group of all n x n matrices with real entries, and
let R be the additive group of real numbers. Determine whether the given map
¢ is a homomorphism.

(a) Let ¢ : M,(R) — R be given by &(A) = det(A), the determinant of A €
M, (R).



(b) Let ¢ : M,(R) — R be given by ¢(A) = tr(A), the trace of A € M,(R).

(The trace of A, tr(A) is the sum of the elements on the main diagonal of A.)

Solution.
1 0
(a) No, it is not a homomorphism. Let n = 2 and A = and B =
0 1
1 1 2 1
,sothat A+ B = . We see that ¢(A + B) =det(A+ B) =
1 1 1 2

4—-1=3,but ¢(A) + ¢(B) =det(A) +det(B) =1+0=1.
(b) Yes, it is a homomorphism. Let A = (ay;) and B = (b;;) where the element

with subscript ij is in the i*" row and j** column. Then ¢(A+ B) = tr(A+ B) =
2 imt(au + bu) = 2oy au + 201 bu = tr(A) + tr(B) = ¢(A) + ¢(B). L4




