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Transpose of a matrix

Definition. Given a matrix A, the transpose of A,
denoted A’ is the matrix whose rows are columns
of A (and whose columns are rows of A). That is,
if A= (a;) then A" = (b;), where b; = aj;.
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properties of transpose



Symmetric &Skew-symmetric matri
X

DEFINITION. (Symmetric matrix) A real
matrix A is called symmetric if At = A. In
other words A is square (n x n say) and

aj; = a;j forall1<i<mn,1<j3<n. Hence

IS a general 2 x 2 symmetric matrix.

DEFINITION. Skew—symmetric matrix) A
real matrix A is called skew—symmetric if

Al = —A. In other words A is square (n X n
say) and aj; = —a;j forall 1 <i<n,1<j<n.

REMARK. Taking ¢« = 7 in the definition of

skew—symmetric matrix gives a;; = —a;; and
SO a;; = 0. Hence
o O b
=[50

IS a general 2 x 2 skew—symmetric matrix.



|dentity matrix

Definition The identity matriz, denoted I, is the

n X n diagonal matrix with all ones on the diagonal.

If A is an m x n matrix, then
I,A =A and Al = A.

If A is a square matrix, then
IA = A=Al




Inverse of a martrix

Given a square matrix A, the inverse of A, denoted
A~1 is defined to be the matrix such that

AA Tl =A"1a =1

Note that inverses are only defined for square ma-
trices

Note Not all matrices have inverses.
If A has an inverse, it is called invertible.

If A is not invertible it is called singular.



Theorem. If A is invertible, then its inverse is unique.

Proof. Assume A is invertible. Suppose, by way of contradiction, tha
inverse of A is not unique, i.e., let B and C' be two distinct inverses ¢
Then, by def'n of inverse, we have
BA=71=AF (1)
and CA=1=AC. (2)

[t follows that

8= Bl by def’'n of identity matrix
= B(AC) by (2) above
= (BA)C by associativity of matrix mult.
= J by (1) above
= (. by def'n of identity matrix

Thus, B = C, which contradicts the previous assumption that B 5
=< So it must be that case that the inverse of A is unique.




Inverse of a 2 x 2 matrix: Consider the special case where A is a 2 x 2

matrix with A =[2%]. If ad — be # 0, then A is invertible and its inverse is

1 d —
Al = .
ad — bc [—c a]
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We can easily check that

Example For A = [

., we have

and



-1 -31{100]  [-1-31[100
3 6 0/010 ;+‘R1 b —38918
i 6 gl =™ |6 831951
) 1 3 =1|=1 0 ®
ﬁ 0-3 3|3 10
PRl00 —1]-2 -11
o 18 2|2.1-0
'1;? G -33d1 D
7 l0o 0 121 -1
1 1g2(3 & 87
—3Ry 1
00 1|2 1 -1
19 0-2~3 27
—=3 10101 2 -1
S oloo12 1 -1
Thus, A is invertible and its inverse is
5wl B



Theorem 11 Given two invertible matrices A and
B

(AB)"1=B"1Aa"1

Proof: Let A and B be invertible matricies and
let C = AB, so C~1 = (AB)1.

Consider C = AB.

Multiply both sides on the left by A—1:
A lc=4"1AB=B.

Multiply both sides on the left by B~ 1.

B laA-lc=B"1B=1.

So, B~ 141 is the matrix you need to multiply C
by to get the identity.

Thus, by the definition of inverse

B lal=c1=wuB) L



Example .

1. Find A~ 1, where



Augment with I and row reduce:
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So
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A"l=C d 3 -1
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