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Algebra of sets &De Morgan's laws

Example. (Distributivity) Let A, B, and ' be sets. Prove that
AN(BuC)=(AnB)U(ANCQC).

If Xand Y aresets, X =Y ifand only if forall z, re X ifandonly if xr € Y.
First, I'll give a formal proof, written as a series of double implications:

re AN(BUC) & zeAAzxze(BUCO) Definition of N
<+ z€AAN(zeBvze() Definition of U
+ (reAAzxzeB)V(xre ANz € C) Distributivity of A over
< (reAnNB)v(ze ANC) Definition of N
< z€(ANB)U(ANC) Definition of U

I've shown that
re AN(BUC)oze(ANB)U(ANC).

By definition of set equality, this proves that AN (BUC)=(ANB)U(ANC). D



Example. (DeMorgan’s Law) Let A and B be sets. Prove that
AUB=ANB and ANB=AUB.

nly

Let £ be an arbitrary element of the universe.

re AUB

Therefore, AUB = AN B.

r¢ AUB
-(x € AUB)

-~(r€ Avz € B)
—(x € A) A —(xz € B)

Definition of complement
Definition of &
Definition of U
DeMorgan’s law

(x¢ A)A(z ¢ B) Definition of ¢
(x € A)A(z € B) Definition of complement
re ANB Definition of N




Example. Let A and B be sets. Prove that AN B C A.

This example will show how vou prove a subset relationship.

By definition, if X and ¥ aresets, X CY ifand only if forall z, if r € X, thenz €Y.

Take an arbitrary element x. Suppose r € AN B (conditional proof). I want to show that x € A.

x* € AN B means that r € A and x € B, by definition of intersection. But * € A and x € B implies
r € A (decomposing a conjunction), and this is what I wanted to show. Therefore, AN B C A.

By the way, vou usually don’t write the logic out in such gory detail. The proof above could be shortened
to the following.

x € AN B means that r € A and x € B, so in particular x € A. Therefore, AN B C A.

The “in particular” substitutes for decomposing the conjunction. 0



Example. Prove that (A - B)U(B - A)=(AuB) - (AN B).

re(A-B)Uu(B-A) &
z€(A-B)vze(B-A)¢e
(reAAz¢B)v(re BAz ¢ A) &

e Av(re BAz ¢ A)|Alx¢ Bv(ze BAx ¢ A)] &
(reAvzeB)A(re AVz g A|AN(z¢BVvzeB)A(z¢ BV ¢ A) &
(re AvzeB)A(r¢ Bvz ¢ A) o
(re Avre B)A(rr€ BV-r€ A) &

(re AVreB)A-(re BAz€eA) &

(re AUB)A-(zr€ ANB) &

z€(AUB)-(ANB)
Therefore, (A — B)U (B — A) = (AUB) - (ANB). O



