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Rolle's Theorem

‘If a function f(x) defined in @ closed interval [a, b] satisfies the
following three conditions : :
(i) f(x) is continuous in the closed interval [a, b].
(ii) f ’(x) exists (finite or infinite) for every point in the open intery
]a, b].

(iii) f(a) = f(b), :
then there exists at least one point c wherea <¢ < bi.e.c € ]a, b[ such

that f ’(c) = 0.
Proof : For the sake of understanding the theorem we suppose that
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f(x) possesses a graph.
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o a c-b € c+h b X

The condition (ii) of the theorem stipulates that the graph of f(x)
possesses a tangent at every point of the interval ]a, b| and the
conclusion of the theorem is that under the given conditions there is
a point ¢ such that a <c < b at which the tangent is parallel to the

X-axis.
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e fx) 18 continuous in the closed interval [a, b], f(x) 18 bounded
gin¢

2 pteains .ts bounds at least once in [q, b].
0

its least upper bound and greatest lower bound be M and m
resPeCtively' .
b fnow thet M2 mulie. m'S )= Mifor ell e [,
Case 1. Suppose that M = m.
1 this €as€

fl@)=f(0) =f(B)=f(b) =M =m forall o, p € [q, bl.

This means that f(x) is constant in [a, b].
Oonsequendy at point ¢ € |a, b[ we should have f'(c) = 0.
Case II. Suppose M>m.

In this case at least one of the bounds is different from f(a) = f(b) and
s attained at a point, say c other than the end points x = 2 and x = b,
otherwise f(x) will be constant as in case .

Here we shall prove that f '(c) = 0.
For the sake of definiteness, we take f(c) = M.

Gnce M is the lLu.b., therefore from the definition, it follows that
fle+h) < fc)=M and also f(c - h) < fc) =M

where h is positive number such thatc +h € ]a, b|.

Now, fe+h)y<flc) = fle +h)—f(c) <0

s f(”h})l‘f(c) <0. (1)

and flc —h) <f(c) = flc —h) - f©) <0,

P | e }:)h' 19 5 0. Q)

Now taking the limits of (1) and (2) as h & 0, we get

h—0 h >
s Rf () <0 = ’ .(3)
and Lt f(c=h)—f(c) ..
. b g Y >0
Le,

Lf'(c) 2 0. ..(4)
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Now from the condition (ii) of the theorem we note that f’(x) exiszy
for all x € Ja, b[ and hence we should have Rf‘(c) =Ly 15 siﬂté

¢ € ]a, b].
Hence it follows from (3) and (4) that this is possible only when

Rf "(€) =0=Lf"(c).

Hence F'ey=0
Similarly when f(c) = m, we can prove that f’(c) = 0.
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(i) !(x)ﬂ'm“‘ L9, x]

(i) fx) = 3x* -~ 4x* + 5 in the intevval [-1, 1]

(i) fix} = " (sinx — cosx) in [: S:

soin. (i) The function f(x) = sinx is continuous and differentiable in the
interval {C, =].
Also, f0) = 4in 0 =0 and fix) = ¢in x = 0 o that f(0) = f{x) = 0.
Heoce all the conditions of Rolle's theorem are satisfied.
Now, we have [ ‘(x) = coxx.

Thus [(x) =0 == comx=(
X _JIx  Ox

Smtx-?i bex in the interval [0, x|, therefore Rolle's theotem is
wrrifed

mmmkmmmmmnmm&n
mterval {1, 1].



Also, f-1)=f(1) = 4.

iti f Rolle’s theorem are satisfied in thjg
Hence all the conditions of Rolle

interval.
Now, we have ['(x) = 12x3 - Bx. ' 0 4435,
Thus {'(x)=0 = 12x -8x=0 ie. x= v

Since all these values belong to the interval [=1, 1], therefore Rolle’s

theorem is verified.
iii) Here f(x) = e*(sinx — cosx). . | '
'(li:xe function f(x) is obviously continuous and differentiable in the

interval [g -sf]
Ao, f[Z)=e{sinE - cost)
& eﬂ/4(—‘11—i— L %) 5%
and f(—sf) = es::m(sin%" e STK)
o eu/4(_ % i TI%J .

Hence all the conditions of Rolle’s theorem are satisfied.

Now, we have
f'(x) = eX(cosx + sinx) + e(sinx — cosx) = 2eX-sinx
f'®)=0 = esinx=0 = sinx=0 (- e = 0)

= x=0, tx, +27, o) el T
Out of these values X =
theorem is verified.

Q Verify Rolle’s theorem in the case of the follow;ng function :
fx)=2x3 +x2 —
Soln. Since f(x) = 2x3 + 52 _

—4x-2isa pol omial ; ; ;
differentiable for a]l real values of x, s 0% itis contfituous x|



Soln. The function is obviously continuous and &ﬁzenﬁbhe m ja, b] 2338

Now we need 0 determine two pPards x = g gnd

y = b such thas?
fta) = f(b). x=b such ths

For this, we consider the rooes of

P are the roots of f(x) =

Now

the equation [(z) = 0, v that if o and
Q, then flay = f(g) = 0.

f(x)=0 = 23 4 x! e by~ 7 =

= (x = N3 1) =0 = x= :—u‘i,, -
i
_h i rz’ | =g i
Thus H¥L) = (-~ = f(~ ~)=0.
& Ml
We take the interval (-7, \Ff} o that in
conditions of Rolle’s theorem are sat

We need to verify that f(x) =0

this interval 2§ the
. o .
1sfiedd,

3 O at least once in open interval
l‘-\rz. \tha
Now f'(x)=6x +2x- 4.
Therefore f'x)=0 = 622 +2x~4=0 > }2sx-~2=0
= GCx-2DE+1)=0 = zx=-1,%

Thus f*(~1) =0 and f'(%) =0.

Since both the points x=—-1 and xzé lie in the open mterval
1-¥2, 2 [, therefore Rolle’s theorem is verifed.
QVerify Rolle’s Theorem in the intervd [a,b] for the fumction

f(x) = (x — ay(x — b)*, m, n being positive integers and find a sugtable
boint c. '

=y
=

&

f(a) = f(b) = 0. Thus all the conditions of Rolle’s theorem are sstisfied.

Hence there is a point ¢ € ]a, [ at which f’(c) =0.

Now, f'x)=mEx-a* x-b)y"+(x—af-nx—by~1
=x—ay" Y x-by Y{mx-b)+nx—a)} =0.

mb-i—na.

m+n

Tlence Gy =0'= x=a b,

QOut of these valu&sM € [qa, b].
y , m+n

ednaiiggl mbtna

m+n



