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~ Solution of cubic Equations

Carson's method

Let the cubic equation be ayx® + 3a;x2 + 3a,x + a3 =0 ...(1)
Let the given equation be transformed into the form
z3+3Hz+G=0 -(2)

where z = ayx + 4, and H and G have their usual meanings.
Let us assume z = p'# + '3 as the solution of the equation (2).
[We could have also used z =p + g as the solution of (2).]
Cubing this, we getz’=p+q+3p!B g8 (PP + g173)
- =p +q+3pPg'P;
or, 22-3pB g8z —(p+4g)=0. )
Since (2) and (3) are identical, therefore comparing their
coefficients, we get
_3p1/3q118 =3Hi.e, plﬁqlﬁ = ZUpi pg = —'H?’; .
and  —(p+4)=G .. p+4=-G. .
Now, p +g=-G and pg=-H3,



: it aclratic equation

! (4
P Gt~ H3 =0 )
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Solving (4), we pet 1 =-—=—"""7
ey 1
..G i «Jt")l - 41
Therefore we can take p = 2 t (5)
| NGZ 4 4P
and e e 2 )
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Lastly, by extracting the cube roots of p EtllT:d rgotsn(;jf
substituting these in z = p'? + g'® we can find out the

‘the equation (2) and consequently of the equat1on (3)-

Now, the cube roots of p are p*”>, wp'’? w?p'/? and the cube
roots of g are qm’, wq'R, w?q13; where w is the cube root of unity.
Thus if we take all poss1ble combinations of p¥?.and g*?, from
the sets {p3, wp'?, wp'?) and {Z 13 wq1/3 wzqm’} there shall be
nine values of the expression p

Thus it would seem that there are nine roots of the equation

(2). But one should " remember that these are restr1cted by the
‘relation pBglB =~H. . - REFIx

' This if we take p'#'from the first set, the corresponding

element in the second set will be g*? {and not wqm or w?*q*?;

for pBwgB or pYRuiglB = pBgiRy.

Snrularly, ~the correspondmg element of wp® will be
; w2q1/3 for . wpBuwiglR =ulplBgB = plBglA | and . the
corres I_)ondmg element of w?p!? will be wq'”, 3

Thus there" shall be .three .and only three combinations
Wthh shall satlsfy p1/3q1/3 =—H; namely (pm’, g3,

Hence there shall be three and only three value for Z,
namely Z= p1/3 + qm, wplff” 1 w2q1/3 2pl3 + wq1/3

| From these values of z, the values of x can be obtamed by
the relation z = ayx + a.

Thus the complete solutlon of the cub1c is obtamed



Q gl‘(fj}, 4+ x> -16x+20= =0

Companng the given cubic with
age® + 3 x2+3ax+a3=0
Wwe {Tnd 170 - 1 1‘11 = 1ﬁ3 ﬂ2 = "‘16/3‘ and (23 20

Soln.

, . 16y 1..22
H:ﬂaﬁz“ﬂ; =1("‘ 3)"'9" 9

and G =agiay — gy + 20
16\ 3

1. 1
::]‘(20)"3'1{ J( 3}+2(3)
o8 1§+_2-__240+144+2 8%,

T 7 27 27" ¥
andard form’ /7

Hence the given cubic canbe reduced to thest

34 3Hz+G=0

. . 49, 686 . 49 686
ie., Z 3{ 95 +-—-~27 0ie., 2z 32+,)7.,.Q,.

1
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where z = gy + 4, =X+ 3



Letz = ’jl'a o] qlﬂ
Then p and g are the roots of the equation

P4 Gt—-H3=0
686  (49)3

3
Le, 2 686 (,..‘_1_2) =0 = 2+ 7 t -+

o tt|1m )

= (27)%2+ (686 x 27)t + (49)* =
_ —(686x27) * V(686 x 27)2 - 4‘(27)2(459)3
20272
4(49)3

(27)?

_ 686+ \(686)% -

0 2x27 |
| —686+\/(7><7x7><2)2_4(7x7)3
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22 76 _ =686+ o T

~686 + \/76 22 -
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