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Area of Curves

area in Cartesian co—ordinates

LWIff(x)isa smgle-valued and continuous function of x in the interval
[a b] then the area bounded by the curve y = f(x), the x-axis and the

two ordinates x = a and x = b is represented by

_[b Yy dx or J.b f(x)dx.

Let CD be the curve given by the

equation y = f(x) and let AC and BD =

" be the two ordinates at x =a and
x=Db respectlvely, b>a.

We are required- to find - ‘the area. ‘-" R
bounded by the Tcurve y = f(x), the _
x-axis and the two ordmates at x = a e

and x =b i. e. to find the area ABDC .
LetPbe any point on the curve whose

co-ordinates’ ‘are “(x, y) ‘and let

Q(x + dx,.y + 8y) be a pomt very close-

'to it so that

>

OM xPM y,@l\l x+bx @N--y+5g
MN oz\/ - OM = x+8x x—ax ;



O

EX Trace the curve g

g facts regardmg the graph of the Curve

r’ough the’ ongm since by putting
es of the equatron are satisfied.

=t 1) and find the area:

Soln. We: note the followm

() The curve passes ‘th
x = 0, y =0, both the sid

(u) The curve is symmetrrcal about y O (1 e x- axrs) smce it contams

U2 (only even powers of y) P
x-axis at the pornts x=0. and = 1 Thls is obtamed

(iii) It cuts the
y = 0 in the equation of the curve It cuts the y -axis

by puttmg
only at the origin.

(iv) Ifx <0 (i e. x is negatrve) then y2 = —ve Wthh => yis 1magmary
That is, there is no portion of the curve on the L H S of x =0 (e

~. onthe LH.S. of y- axrs) »
Also, the value of y increases as x- lncreases gl PN

-

(v) By equatrng to zero ‘the term of the lowest degree we find that
x 28 whrch means that the g axrs 15 tangent to the curve at the
ongm - | - . c o



Hencé'the graph of the curve will .be';a‘S'fOllOWS :

Thus there is a loop in the 1nterval [O 1.

‘ Therefore the area of the loop

=2 I Vx (1 - x)dx (smce X < 1)

dir P

, 1
= 2.J.' (Vx = x32)dx
ST -
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=Dl —y3f2 _ = 5/2}
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@X Find the whole area gf the cwve a®y? = x2(52 _ x%y. |

- :
soln. We note the followmg facts regarding the graph of the gw n curve -

(i) The curve passes through the origin.

(i) The curve is symmetrical about both the axes.

(i) It cuts the x-axis at the points x

0,x=+a,x = —e{‘_\’lt cuts the
X-axis only at the pointy = 0 :

, (1v) There iIs no portlon of the curve beyond X=+a orx =

=-a for in
“that case y? is —ve and hence Yy is imaginary.
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Thus the graph of the curve will be like thigs = i o
» e y Sk

B

X%

-a,0)A’ u C\/A(%O)‘:?X .
¢ |

YI

Therefore there are two loops as shown in the figure.
Hence the area of the whole curve

=4 x area OAB
_4f ydx = 4f \/aZ—dex

| Put x =a sin 0 so thatdx = a cos 0 do.

- Also . x=0 =>:sin0=0=>0-—40
. T
and x=a = sin =1 =>9:-2—-

Therefore (1) becomes

/2
=4f sin 0 -acos 0-acos0db
0

/2 : ‘ ' :
= 432 fo sin 0 cos20 do | Q)

Now Iet cos 0 U SO that —sin 9 do = du
- Therefore:(2),



Let the area AMPC be denoted by A.
Then the area ANQC will be denoted byA + BA.

Therefore the shaded area PMNQ N
\area ANQC — area AMPC = =A+ 5A —A=8A.
Now area PMNR = = ydx and area TMNQ = (Y + Sy)dx.

Since the area PMNR <-area PMN@ <area TMNQ

therefore Ydx <8A < (y + dy)ox.
- 0A

Th Ty ayvby
5A

e A= ff(x)dx F(x)+k

where ki rs a constant and F (x) 15 ‘an mdef“ nite mtegral of f(x)

Now when'x =2, A = 0. | | |
Also when x = b, the area A is the required area say A”.

Therefore 0 =F(a) + k and A’ = F(b’) + k
erice. . - F(b) . Fla) = f f(x)dx

Thus the required area between the curve y = f(x), the axis of x

ordinates atx =aand x = b is
b

fa, ydx = f: f)d.
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