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Lagrange's Mean ValueTheorem

Statemeat. If the function f(x) be so defaed thet
@) fix) is continuous at every pont of the closed fnterva
- a<sx<é



(i) f'(x) exists at every point of the open ‘intervq] , Sxdy
there is a value ¢ of x for which K s 'Ie,,

f(b) —-f(a) i f,(c)

where a<c<b.
Proof. Let us consider the funcnon ¢(x); where

e()=1) %) — 35—, { f®)—-S1@}.

It is given that f(x) is contmuous inas<sx<b and (p_
continuous. We know that the algebraic sum of COntm
tions is also continuous.

Hence o(x) must be continuous in a<x<b.

0}
X) is &
UOUS func

Differentiating (1) with respect to x, we get

r(ry 1S (0) —S(a)

! = - 0) - -} - Bt

It is given that f’(x) exists in a<x<b. Therefore, 0'(¥) fnﬁ"'i .
exist in a<x<b. ' §

Putting x=a in (1), we get

o@~/0) 1) - 2= SO 1@}
1O~ {1 —~f@)} =o0.
Again, putting x=5in (1) we get
e(0) =f(6)—1(0) ~5 { J®) —fla)} =0,
S @(@) =e(b).

Hence the function ¢(x) under consxdcmt:on satisfies all thc condi- -
tions of Rolle’s theorem,

viz., o(¥) is continuous in [z, 5],
 ¢’(x) exists in ]a, 8], o o L
Hence, by Rolle’s theorem, there exists a yajug x-.—‘=é, Gt i |
where a<c<Bb, at which p'(c) =0. i@ .
Putting x=c in (2), we get | o e

o'@=~f "+ Q14 )
b—a



or

0= 1" (0) L B=LD, ¢
JOY =S (@) _ e i
__a mf (C).



Taylor's Theorem

-

" Statement. If @ function J(x) is defined in such a way that

(i) the (n—1)th derivative fr-1(x) exists and is continuous at every
point of the closed interval a<x<a-h,

(i) the nth derivative f7(x) exists at every point of the open
interval a< x < a+h, and

(i) p is any given positive integer,
then there exists at least one number, 0, lying between 0 and 1 such that

TatD=J@+Hf @A 5 @+ -+ o)

|, A*(1—@)n-p
L (m=DIp

f*(a-+oh).



Proof. Let ys consider a function o(x) such that
‘ (a-+-h—x)3

o) Al +lath— W COT =94
I i il SP )+ Ay

(n—-1)! x)p. .. ‘

. e

where the constant 4 be such that | (]
o(a) =o{a+-h).

Putling x=ain (1), we get , 0

}13—1

old) =fl0) +H" @)+ @+ A e

Again, putting x=g--h in (1), we get o(a--A)= f(d-,L;,). o
Substituting these two values in (2), we get ’ i

j £ oA 1 i A8 L P e “
AN = G ety

It is given that /—(x) is continuous in asx<a-lp, 4

Therefore, x), f'(), ;- .. /*%(x) must be continuoys ;,
asx<a--h. : -

Hence, from (1), o(x) is continuous in asxs<a--h.

Again o'(x) exists in a<x<a-th. ‘

Also (@) =o(a-+h). L

We find that o(x) satisfies all the three counditions of Rolles

theorem. Hence, in accordance with Rolle’s theorem, thc;gmgsti"
“exist at least one number, 8, where g < 10, 1[, such that ¢
o'(a+-6h)=0. 51 § — ik iy 49 (4)

Differentiating (1) with respect to X, We gt =+ e v ‘
TS O S O @ - @by
P @Hh—x)t

| s R A

o w3 U P SR o e e

= (a+fz-x “—1 33 %
% (n-I))z )~ dplarh_x P s

Putting X=a-10h, we get




' i _h”""(l——ﬁ PO - _ ; i
Q (a-,—eh) — ( 1))! fn(a+gh) -—Ah”"lp(l _9)1;-1

-1 —0)m-1

of 0—- (n__ 1) , f (a+9h) —Ahp‘lp(] ._..e)ﬂ—l’ from . (4)
s _ 1 h‘!l—-l 1_ n—1 :

o ARPp(1—)P1= (,(1_13); fr(a-+ok)
r*-P(1—6)"P -

of A== m_"Dip f”(a+0h).
ggbstituting this value in (3), we get
1 e 4 1 h2 (4
fla+hm)=f(@)+hf @+ @+. .+ ( 1),f”“1( a)

Rr(1—0)""7 o
o 1) 17 f (a+9h)—

Hence the theorem is proved.



