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' cyclic group

Definition

Let G be a group and let @ € G. Then the subgroup H = {a" | n € Z} is

called the cyclic subgroup of G generated by «, and is denoted by (a).

If the subgroup (a) of G is finite, then order of a is the order of |(a)| of this

subgroup. Otherwise, we say that a is of infinite order.

Remark.

If a is of finite order m, then m is the smallest positive integer such that

a " = €.

Definition |
An element a of a group G generates GG and is a generator for G if (a) = G.

A group G is cyclic if there is some element a € GG that generates G.

Example

1. The group Z, is and (1) = (3) = Z,. Also, (2) = {0,2} and (0) = {0}.

2. The Klein -4 group V' is not cyclic, since (e) = {e}, (a) = {e,a}, (b) = {e, b}
and {(c) = {e, c}.

3. The group (Z,+) is cyclic. Both 1 and —1 are generators for this group

and they are the only generators. (Why?)

4. Consider the group (Z,+). Note that the cyclic subgroup generated by

n € Z consists of all multiples of n. i.e., (n) = nZ.

Problem

Show that every cyclic group is abelian.



Solution.

Let G be cyclic and let a be a generator for G. For z,y € G, there ex

m n

and y = a". n+m

T m-+n

m,n € Z such that z = a Then 2y = a™a™ = a = q

m

a"a™ = yx, so G is abelian.

Problem .

Prove that a cyclic group with only one generator can have at most 2 elemer

Solution.
Let B = {e,a,a%,a®,...,a" '} be a cyclic group of n elements. Then a™!
a1 also generates G, because (a7!)! = (¢')"! =a""fori=1,2,...,n—1. Tl

if G has only one generator, we must have n — 1 = 1 and n = 2. Of cou

G = {e} is also cyclic with one generator.

Problem

Show that a group with no proper nontrivial subgroups is cyclic.

Solution.

Let G be a group with no proper nontrivial subgroups. If G = {e}, then
is of course cyclic. If G # {e}, then choose a € G such that a # e. We kn
that (a) is a subgroup of G and (a) # {e}. Because G has no proper nontriv

subgroups, we must have (a) = GG. This shows that G is cyclic.

Problem

Let ¢ : G — G’ be an isomorphism of a group (G, *) with a group (G’,:

Then show that if G is cyclic, so is G'.



Solution.

Let a be a generator of G. We claim ¢(a) is a generator of G'. Let V/ € G.
Because ¢ maps G onto G’, there exists b € GG such that ¢(b) = b'. Because a
generates (G, there exists n € Z such that b = a". Because ¢ is an isomorphism,

b = ¢(b) = ¢(a") = ¢(a)". Thus G’ is cyclic. n
Problemet

Let H be a subgroup of a group GG. For a,b € G, let a ~ b if and only if

ab-' € H. Show that ~ is an equivalence relation on G.

Solution.

We have to prove that ~ is reflexive, symmetric and transitive. Let a € G.

' — ¢ and e € H, since H is a subgroup. Thus a ~ a = ~ is reflexive.

Then aa™
Let a,b € G and a ~ b, so that ab™' € H. Since H is a subgroup, we have
(ab")' =ba~' € H,s0 b ~a = ~ is symmetric. Now, let a,b,c € G and
a~band b~ c. Then ab™' € H and be™' € H so (ab™')(be™) = ac™' € H,

implies a ~ ¢. Thus ~ is transitive. L

Exercises.



Theorem

A subgroup of a cyclic group is cyclic.

Proof.
Let G = (a) and let H < G. If H = {e}, then H = (e) is cyclic. If H # (e),
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then a" € H for some n € Z*. Choose m as the smallest integer in Z* such
that a™ € H. We claim that H = (a™). Let b € H. Since H < G, we have
b = a" for some n € Z*. By division algorithm, there exists integers ¢ and
r such that n = mg+r for 0 < r < m. Then a" = a™*" = (a™)%" =
a" = (a™)"9a". Since a” € H,a™ € H, and H is a group, (a™)™? € H, so that
(a™)"%a™ € H = a" € H. Since m was the smallest positive integer such that
a™ € H and 0 < r < m, we have r = 0. Thus n = gm, so that b = a" = (a™)?

= H = (a™). Hence a subgroup of a cyclic group is cyclic.



